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Abstract. We place observational likelihood constraints on braneworld and non-commutative
inflation for a number of inflaton potentials, using Planck, WMAP polarization and BAO
data. Both braneworld and non-commutative scenarios of the kind considered here are lim-
ited by the most recent data even more severely than standard general-relativity models. At
more than 95% confidence level, the monomial potential V (φ) ∝ φp is ruled out for p ≥ 2 in
the Randall–Sundrum (RS) braneworld cosmology and, for p > 0, also in the high-curvature
limit of the Gauss–Bonnet (GB) braneworld and in the infrared limit of non-commutative
inflation, due to a large scalar spectral index. Some parameter values for natural inflation,
small-varying inflaton models and Starobinsky inflation are allowed in all scenarios, although
some tuning is required for natural inflation in a non-commutative spacetime.
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1 Introduction
Experimental cosmology is living its golden age. Observations of the Cosmic Microwave Back-
ground (CMB) have been approaching the ideal precision, starting with WMAP [1, 2] and
following with the first achievements of the Planck satellite [3]. This permitted to constrain
a variety of inflationary scenarios in an unprecedented way [4–12] and to partly remove the
huge model degeneracy surrounding the history of the early universe. An increasing number
of theoretical proposals has been advanced to describe new physics beyond both the Standard
Model and general relativity (GR), and it is becoming more and more important to appeal
to experiments in order to focus one’s attention to the most promising candidates.
The purpose of this paper is to take advantage of modern data and revisit some high-
energy models which thrived in the late 1990s and early 2000s: the braneworld (consult
[13] for a review) and Brandenberger–Ho non-commutative inflation [14]. The first (section
2) is a class of string-inspired models where the observer lives in a four-dimensional man-
ifold (the brane) embedded in five non-compact dimensions. The gravitational dynamics
induced on the brane is modified with respect to standard cosmology, which leads to devi-
ations from the inflationary predictions of general relativity. We will focus on two specific
braneworld models, Randall–Sundrum (RS, [15, 16]) and Gauss–Bonnet (GB, [17, 18]). The
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non-commutative scenario of [14] and its developments [19–28] (section 3) assume, in accor-
dance with some quantum-gravity approaches, that spacetime is not an ordinary manifold
but possesses a non-commutative structure, determined by a fundamental length scale and
an intrinsic uncertainty relation on space and time interval measurements.
By now, it is clear that standard inflation with large-field potentials is under observa-
tional pressure, while small-varying inflaton models and potentials motivated by string theory
or higher-curvature actions are favored [4, 10]. In all these cases, the dynamical cosmological
equations are the same of general relativity, the only difference being in the choice of the
potentials. The question is whether braneworld and non-commutative scenarios, where the
dynamics is modified, fare better when the same types of potentials are considered. Perform-
ing a likelihood analysis of cosmological data (section 4), we shall see in sections 5 and 6 that
this is not the case. Large-field potentials are even less viable than in standard cosmology,
while small-varying inflaton models and Starobinsky inflation still survive but in a narrower
parameter space. Overall, braneworld and non-commutative inflation do not present any ad-
vantage or characteristic signature with respect to standard cosmology, and in large portions
of their parameter space they are actually excluded.
This drastic conclusion was not possible ten years ago, when constraints with the
WMAP1 data [1] were imposed following the same method [29].1 The area in the (ns, r)
plane enclosed in likelihood contours was large enough to include most of the theoretical
points of these scenarios, apart from the exponential potential in some cases. The result-
ing non-committal conclusion was that braneworld and non-commutative models could be
discriminated from standard inflation by further data and near-future experiments. The
shrinking of the likelihood areas has now come to the exciting point where we are in that
‘near future’ and we can finally place the desired constraints.2
2 Braneworld inflation
In braneworld scenarios, the universe and its observers live in a (3+1)-dimensional manifold
(a brane) embedded in a larger non-compact spacetime (the bulk). Such configuration, with
a five-dimensional bulk, arises as the low-energy limit of the Calabi–Yau compactification
of six dimensions in M theory [30, 31]. Assuming a Friedmann–Lemaˆıtre–Robertson–Walker
(FLRW) background on the brane and that all the matter is confined therein (the 5D energy-
momentum tensor is T µν ∝ δ(yb) diag(ρ,−p,−p,−p, 0), where yb is the brane position along
the extra direction y), if the 5D gravitational action is the Einstein–Hilbert one (Randall–
Sundrum model) one can show that the Friedmann equation acquires a quadratic correction
[32–34],
H2 =
κ24
6λ
ρ(2λ+ ρ) +
E
a4
, (2.1)
where H = a˙/a is the Hubble parameter, a is the scale factor, a dot represents a derivative
with respect to synchronous time t, κ24 := 8π/m
2
Pl includes the four-dimensional Planck mass
mPl ≈ 1019GeV, λ is the brane tension and E =const. is a dark radiation term. The RS model
can be viewed as an intermediate scenario between the standard 4D (low-energy) evolution,
1In section 4 we will comment on studies which appeared between [29] and the present paper. None of
them performed a likelihood analysis.
2This paper does not reflect the BICEP2 data of the B-mode polarization that appeared 5 months after
the initial submission.
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H2 ∝ ρ and a braneworld scenario where higher-order curvature corrections, arising in the
heterotic string [35], are included in the 5D action:
S =
1
2κ25
∫
d5x
√−g5
[
R− 2Λ5 + αGB
(
R2 − 4RµνRµν +RµνρσRµνρσ
)]
+ Smatter . (2.2)
Here, κ5 is the 5D gravitational coupling, g5 is the determinant of the 5D metric, R is the 5D
Ricci scalar, Λ5 < 0 is the bulk cosmological constant and αGB = 1/(8g
2
s ) > 0 is the coupling
of the Gauss–Bonnet term, where gs is the string energy scale. We omitted a boundary term
in the action. The effective Friedmann equation on the brane is [36–39]
H2 =
c+ + c− − 2
8αGB
, (2.3)
where H is the Hubble parameter and, defining δ−10 :=
√
αGB/2κ
2
5,
c± =
[√
(1 + 4αGBΛ5/3)
3/2 + (δ/δ0)
2 ± δ/δ0
]2/3
, (2.4)
δ = ρ + λ being the matter energy density decomposed into a matter contribution plus the
brane tension λ. Expanding Eq. (2.3) to quadratic order in δ, one recovers the Friedmann
equation (2.1) of the RS scenario with vanishing 4D cosmological constant, provided some
relations between the couplings of the model are satisfied. Therefore, one can now recognize
three energy regimes:
H2 ≈
(
κ25
16αGB
)2/3
ρ2/3 when δ/δ0 ≫ 1 (GB regime), (2.5)
H2 ≈ κ
2
4
6λ
ρ2 when λ/δ0 ≪ δ/δ0 ≪ 1 (RS regime), (2.6)
H2 ≈ κ
2
4
3
ρ when ρ/δ0 ≪ δ/δ0 ≪ 1 (GR regime). (2.7)
An economic way to treat all these regimes analytically is the patch formalism [28, 40],
where one assumes the effective Friedmann equation
H2 = β2qρ
q , (2.8)
and βq and q are constants. In different energy regimes and time intervals (the patches), q
acquires different values:
q =


1 (GR),
2 (RS) ,
2/3 (GB) .
(2.9)
We focus on the case in which a minimally coupled scalar field φ is confined on the
3-brane. On the homogeneous and isotropic background, the energy density of φ is given by
ρ =
1
2
φ˙2 + V (φ) , (2.10)
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where V (φ) is the potential of φ. The inflaton satisfies the following equation of motion:
φ¨+ 3Hφ˙+ V,φ(φ) = 0 , (2.11)
where V,φ = dV/dφ.
The slow-roll (SR) parameters associated with the inflaton φ are
ǫφ := − H˙
H2
, ηφ := − φ¨
Hφ˙
, ξ2φ :=
1
H2
(
φ¨
φ˙
)·
. (2.12)
We also introduce the horizon-flow (HF) parameters [41, 42]
ǫ0 :=
Hinf
H
, ǫj+1 :=
d ln |ǫj |
dN
, j ≥ 0 , (2.13)
whereHinf is the Hubble rate at some chosen time and N := ln(a/ai) is the number of e-folds;
here ai = a(ti) and ti is the time at the onset of inflation. The evolution equation for the
HF parameters is given by ǫ˙j = Hǫjǫj+1. The HF parameters are related to the first SR
parameters by
ǫ1 = ǫφ , (2.14a)
ǫ2 = 2ǫφ/q − 2ηφ , (2.14b)
ǫ2ǫ3 = 4ǫ
2
φ/q
2 − 2(1 + 2/q)ǫφηφ + 2ξ2φ . (2.14c)
The amplitudes of scalar and tensor perturbations are given, respectively, by [40, 43–48]
Ps = 3qβ
2/q
q
25π2
H4−2/q
2ǫ1
, (2.15)
Pt = 48qβ
2/q
q
25π2
H4−2/q
2ζq
, (2.16)
where
ζq =


1 (GR),
2/3 (RS) ,
1 (GB) .
(2.17)
The spectra (2.15) and (2.16) should be evaluated when the modes with the physical wave
number k/a crossed the Hubble radius during inflation (k/a = H). The spectral indices of
scalar and tensor perturbations evaluated at the Hubble radius crossing are
ns − 1 = d lnPs
d ln k
= −(4− 2/q)ǫ1 − ǫ2 , (2.18)
nt =
d lnPt
d ln k
= −(4− 2/q)ǫ1 . (2.19)
The tensor-to-scalar ratio is
r =
Pt
Ps =
16ǫ1
ζq
= − 8q
(2q − 1)ζq nt , (2.20)
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where we used Eq. (2.19). The consistency relation is given by
r = −8nt (GR and RS) , (2.21)
r = −16nt (GB) . (2.22)
The runnings of the spectral indices, αs,t = dns,t/d ln k, read
αs = −(4− 2/q)ǫ1ǫ2 − ǫ2ǫ3 , (2.23)
αt = −(4− 2/q)ǫ1ǫ2 , (2.24)
which are second order in the slow-roll parameters.
3 Non-commutative inflation
In this section, we briefly recall the main features of non-commutative inflation [14, 27, 28].
Time and space measurements are subject to an uncertainty relation ∆t∆xp ≥ l2s , where
ls ≡ M−1s is a fundamental length scale (possibly identifiable with the string length [49–
51]) and xp is the physical spatial coordinate. Due to this intrinsic scale in the geometry,
coordinates do not commute; an algebra preserving the maximal symmetry of the FLRW
background is [τ, x] = il2s , where τ :=
∫
a dt and x is a comoving spatial coordinate. In this
setting, there appears a comoving scale k0(δ) dependent on the parameter δ := (Ms/H)
2.
The space of comoving wave numbers is divided into two regions, one including small-scale
perturbations generated in the ultraviolet (UV), i.e., inside the Hubble horizon (H ≪ Ms)
and the other describing the infrared (IR), large-scale perturbations created outside the
horizon (H ≫ Ms). Somewhat counterintuitively, the UV region corresponds to a weak
non-commutative regime, while the IR region is characterized by strong non-commutative
effects.
The spectra of scalar and tensor perturbations turn out to be
P(δ, H, φ) = P(c)(H, φ)Σ2(δ) , (3.1)
where P(c) = P(Σ=1) is the amplitude in the commutative limit and Σ(δ) is a function
encoding non-commutative effects. The same factor Σ multiplies both the tensor and scalar
amplitudes, so their ratio is unchanged.
Let us concentrate on the IR limit, which bears the largest non-commutative effect.
The spectra (3.1) are evaluated at the moment when the perturbation with comoving wave-
number k is generated. To lowest order in the HF parameters,
d ln Σ2
d ln k
= σǫ1 , (3.2)
where σ = σ(δ) is a function of δ such that σ˙ = O(ǫ1). The commutative spacetime corre-
sponds to σ = 0.
Let us accommodate the effect of non-commutativity for q = 1 in Eq. (2.8). Then, the
spectral indices (2.18) and (2.19) are modified to
ns − 1 = −(2− σ)ǫ1 − ǫ2 , (3.3)
nt = −(2− σ)ǫ1 . (3.4)
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The tensor-to-scalar ratio reads
r = 16ǫ1 = − 16
2− σnt (σ 6= 2) . (3.5)
Consequently, the runnings of the spectral indices are
αs = −(2− σ)ǫ1ǫ2 − σσ¯ǫ21 − ǫ2ǫ3 , (3.6)
αt = −(2− σ)ǫ1ǫ2 − σσ¯ǫ21 , (3.7)
where σ¯ := −σ˙/(Hσǫ1).
In the infrared region, two classes of non-commutative models have been proposed [14].
In the first one (class 1), the FLRW 2-sphere is factored out in the measure zk of the effective
perturbation action. The measure is thus given by the product of the commutative contri-
bution z times a (1 + 1)-dimensional correction factor. In the class-2 choice, the scale factor
in the measure is everywhere substituted by an effective scale aeff whose time dependence is
smeared out by non-local effects; since z ∝ a, then zk = zaeff/a. Inequivalent prescriptions
on the ordering of the *-product in the perturbation action further split these two classes,
but in the IR limit they give almost the same predictions [27]. In this limit, the parameter
σ approaches the constant value σ = 6 in class-1 models and σ = 2 in class-2 models [27].
From Eqs. (3.3)-(3.5), it follows that
ns − 1 = 4ǫ1 − ǫ2 , nt = r/4 (σ = 6), (3.8)
ns − 1 = −ǫ2 , nt = 0 (σ = 2). (3.9)
The standard GR commutative consistency relation nt = −r/8 is thus deformed by non-
commutativity.
4 Likelihood analysis
In order to place observational constraints on the inflationary models discussed in Secs. 2
and 3, the power spectra Ps and Pt are expanded around the pivot wave number k0, as
lnPs(k) = lnPs(k0) + [ns(k0)− 1]x+ αs(k0)
2
x2 +O(x3), (4.1a)
lnPt(k) = lnPt(k0) + nt(k0)x+ αt(k0)
2
x2 +O(x3), (4.1b)
where x = ln(k/k0). For the scales relevant to the observed CMB anisotropies (the multipoles
2 ≤ ℓ . 2500), x is smaller than 7. Since αs,t(k0) are of the order of ǫ2j , the third and fourth
terms on the right-hand side of Eq. (4.1) are suppressed relatively to the first two terms.
In the slow-roll expressions for ns,t and r, we neglect the second-order terms, which are
always subdominant with respect to the O(ǫj) parts. On the other hand, we retain the terms
αs,tx
2 = O(ǫ2j x
2) because, although the runnings are second order in slow-roll parameters,
they give rise to non-negligible effects for large x. This mixed truncation scheme is fairly
standard in CMB analysis.
We choose the pivot wavenumber to be
k0 = 0.05 Mpc
−1 . (4.2)
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This is different from the value k0 = 0.002 Mpc
−1 used by the Planck team [3], but we
confirm that the likelihood results are insensitive to the choice of k0 for the scales relevant
to the observed CMB anisotropies.
We run the CosmoMC code [52, 53] by using the recent data of Planck [3], WMAP
polarization (WP) [2], Baryon Acoustic Oscillations (BAO) [54] and high-ℓ ACT/SPT tem-
perature data [55]. We use the big-bang nucleosynthesis consistency relation, by which the
helium fraction Yp is expressed in terms of Neff and the baryon fraction Ωbh
2. The flat
ΛCDM model is assumed with Neff = 3.046 relativistic degrees of freedom and with instant
reionization.
We have six inflationary observables Ps(k0), ns(k0), nt(k0), r(k0) = Pt(k0)/Ps(k0),
αs(k0), and αt(k0) to confront with the data. In the slow-roll framework, these reduce to
four observables for given values of q and σ. In both braneworld and non-commutative
inflation the scalar spectral index and the tensor-to-scalar ratio can be expressed as ns− 1 =
−(4− 2/q − σ)ǫ1 − ǫ2 and r = 16ǫ1/ζq, so that ǫ1 and ǫ2 are inverted to give
ǫ1 =
ζq
16
r , (4.3)
ǫ2 = − ζq
16
(4− 2/q − σ)r + 1− ns , (4.4)
where we omitted the k0 dependence. Substituting these relations into Eqs. (3.4) and (3.7),
nt and αt are known. The scalar running includes the additional parameter ǫ3, so we need to
vary the four parameters Ps, ns, r and ǫ3 in the likelihood analysis. The slow-roll parameter
ǫ3 is smaller than O(0.01). We have run the numerical code by setting the prior ǫ3 < 0.05
and found that the likelihood results are practically the same as those obtained for ǫ3 = 0.
Therefore, we set ǫ3 = 0 in the whole likelihood analysis that follows. By assuming ǫ3 = 0,
we reduce the free parameters to only three: Ps, ns and r. The other variables αs, nt and
αt are functions of these free parameters, so they are non-vanishing. We also tried the case
where the runnings αs and αt are set to 0 and found that the results are practically identical
to those derived for ǫ3 = 0.
The consistency relations are different depending on the scenarios we study, see Eqs.
(2.21), (2.22), (3.8) and (3.9). We run the CosmoMC code for these four cases separately. As
we will see, the likelihood results are insensitive to the change of the consistency relations.
The scalar power spectrum is constrained to be Ps(k0) ≈ 2.2×10−9 for the pivot wave number
(4.2). This information can be used to place bounds on some parameters of the theories.
We note that, in the context of slow-roll single-field inflation, the non-linear parameter
f localNL describing the scalar non-Gaussianities in the squeezed limit is of the order of the slow-
roll parameters [56–58]. This is consistent with the recent Planck constraint f localNL = 2.7±5.8
(68% confidence-level, CL) [59]. Since we focus on the slow-roll single-field framework, the
local non-Gaussianities do not provide additional bounds on the models studied in this paper
[60].
References [29, 45, 46, 48] followed the same method but applied to one of the first
datasets of precision cosmology, the first-year release of WMAP [1]. In Refs. [45, 46], it was
shown that, in the RS braneworld, the quadratic potential V ∝ φ2 was inside the 95%CL
boundary but outside the 68%CL contour. In the GB braneworld, the quadratic potential
entered the 68%CL region constrained by WMAP1 data [48]. The same happened for the
quartic potential V ∝ φ4, but in the GB limit (δ/δ0 ≫ 1) the model was outside the 95%CL
boundary. In Ref. [29], two of the present authors studied observational constraints on
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hybrid scenarios of non-commutative braneworlds. The effect of non-commutativity allowed
the possibility, with WMAP1 data, to rescue models disfavored in standard GR.
Later studies on braneworld and non-commutative inflation exploited more recent data
but without extracting the likelihood bounds from new numerical simulations. The RS
braneworld was compared against WMAP3 [61, 62] and WMAP5 data [63]: the potentials
with small-field variations turned out to be favored [62] and the quartic potential excluded
[61]. The quartic potential was also excluded in the GB braneworld by WMAP3 data [61].
Planck data were recently used also in [64], but on a DGP brane model different from the
present ones. Reference [61] also studied non-commutative inflation in the IR limit, using
the patch formalism of [40] and WMAP3 data, which led to the exclusion of quadratic and
quartic potentials in the σ = 6 model. These potentials have been ruled out also by Planck
data, but only in the UV mild non-commutative regime [65]. All of these works based their
conclusions (which agree with ours, whenever a comparison is possible) on the bounds on
the scalar index, on its running and on the tensor-to-scalar ratio, sometimes reusing the
likelihood contour plots of [29] or of the WMAP and Planck teams. In this respect, the
present analysis constitutes the first significant update on braneworld and non-commutative
scenarios in the post-WMAP era.
5 Observational constraints on braneworld inflation
We study observational constraints on several inflaton potentials in the context of RS (q = 2)
and GB (q = 2/3) braneworlds in commutative spacetime (σ = 0). Under the slow-roll
approximation (φ˙2/2≪ V (φ) and |φ¨| ≪ |3Hφ˙|), Eqs. (2.8) and (2.11) read
H2 ≈ β2qV q , (5.1)
3Hφ˙+ V,φ ≈ 0 . (5.2)
Taking the time derivative of Eq. (5.1) and using Eq. (5.2), the slow-roll parameter ǫφ = ǫ1 =
−H˙/H2 reads
ǫφ =
qV 2,φ
6β2qV
q+1
. (5.3)
Similarly, we also obtain the following relation:
ηφ = −ǫφ +
V,φφ
3β2qV
q
. (5.4)
The scalar power spectrum (2.15) can be expressed as
Ps =
9β6qV
3q
25π2V 2,φ
. (5.5)
On using Eqs. (2.14a) and (2.14b), the scalar spectral index (2.18) and the tensor-to-scalar
ratio (2.20) read
ns = 1− 1
3β2qV
q
(
3q
V 2,φ
V
− 2V,φφ
)
, (5.6)
r =
8q
3β2q ζq
V 2,φ
V q+1
. (5.7)
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Under the slow-roll approximation, the number of e-foldings from the end of inflation (field
value φf) to the epoch with the field value φ is given by
N = 3β2q
∫ φ
φf
dφ˜
V q
V,φ˜
. (5.8)
In the following, we show observational constraints on the models for N = 50 and
60. Note that the value of N can be different depending on the cosmological history after
inflation [66]. One possible effect on the value of N comes from the reheating stage after
inflation. If reheating is caused by a perturbative decay of φ, the Universe is matter domi-
nated for the inflaton potential approximated as V (φ) ≃ m2(φ−φ0)2/2 around the minimum.
In the framework of GR, the number of e-foldings is modified depending on the reheating
temperature Treh, as
N ≃ 56− 2
3
ln
1016GeV
ρ
1/4
end
− 1
3
ln
109GeV
Treh
, (5.9)
where ρend is the energy density of the Universe at the end of inflation.
In the RS braneworld scenario, the ρ2 term in the background equation could dominate
during reheating and one may expect a change in the value of N . If the ρ2-dominated
phase, where H2 ∝ a−6, ends before the completion of reheating, it gives rise to a change
∆N = (1/6) ln(ρend/ρT ) [67], where ρT = 2λ represents the energy density of the Universe
at the transition from ρ2 to ρ dominating regime. Because of the coefficient 1/6 and the
logarithmic dependence of the ratio ρend/ρT , the modification to N cannot be so large. In
non-commutative models, the background equation is not modified and reheating proceeds
in a similar way as in GR. Therefore, in most cases N ranges between 50 and 60. For
completeness, below we will quote experimental bounds also for lower and higher values of
N .
5.1 Monomial inflation
Let us first study monomial inflation [68] with the monomial potential
V (φ) = V0φ
p , (5.10)
where V0 and p are positive constants. The field value at the end of inflation is determined
by the condition ǫφ(φf) = 1, i.e., φ
p(q−1)+2
f = p
2qV 1−q0 /(6β
2
q ). Integrating Eq. (5.8), the field
φ can be expressed in terms of N , as
φp(q−1)+2 =
p
6β2qV
q−1
0
[2(pq − p+ 2)N + pq] . (5.11)
From Eqs. (5.6) and (5.7) we obtain
ns = 1− p(6q − 4) + 4
2N(pq − p+ 2) + pq , (5.12)
r =
16pq
ζq
1
2N(pq − p+ 2) + pq . (5.13)
We discuss the RS and GB cases separately.
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5.1.1 RS braneworld
In the RS case, the observables (5.12) and (5.13) reduce to
ns = 1− 2(2p + 1)
N(p + 2) + p
, (5.14)
r =
24p
N(p+ 2) + p
. (5.15)
When N = 60, these are given by ns = 0.9669, r = 0.1326 for p = 1, ns = 0.9587, r = 0.1983
for p = 2, and ns = 0.9505, r = 0.2637 for p = 4, respectively.
In Fig. 1, we plot the observational contours in the (ns, r) plane derived by the joint
data analysis of Planck+WP+BAO+high-ℓ. We also show the theoretical values (5.14) and
(5.15) for p = 1, 2, 4 with N = 50, 60. The potentials V (φ) = V0φ
p with p ≥ 2 are outside the
95%CL observational contour for both N = 50 and 60. For N > 70, the theoretical line goes
outside the 95%CL region. Although a small N may be allowed by modifying the reheating
scenario, for p = 1, 2, 4 the model is outside the 95%CL boundary when N < 52.
The linear potential V (φ) = V0φ arises for a string axion in type IIB compactification
in the presence of wrapped branes [69]. This case is marginally inside the 95%CL boundary
for N = 60, but it is outside the 95%CL region for N = 50. These tensions come from the
fact that the tensor-to-scalar ratio gets even larger than that in GR for the same value of p.
Note that the exponential potential V (φ) = V0e
−αφ/mPl [70] corresponds to the limit
p → ∞, i.e., ns = 1− 4/(N + 1) and r = 24/(N + 1). In this case, the model is far outside
the 95%CL observational boundary.
5.1.2 GB braneworld
In the GB case,
ns = 1− 6
N(6− p) + p , (5.16)
r =
16p
N(6− p) + p . (5.17)
When N = 60, we have ns = 0.9801, r = 0.0532 for p = 1, ns = 0.9752, r = 0.1322 for p = 2,
and ns = 0.9516, r = 0.5161 for p = 4, respectively.
As we see in Fig. 2, the potentials with p > 0 are outside the 95%CL boundary. Even
for the linear potential (p = 1) where r is smaller than 0.1, the model is in tension with
the data because of the tight upper bound on ns. The model is excluded for N > 48 at the
95%CL. Thus, monomial inflation is observationally disfavored in both the RS and the GB
case.
5.2 Natural inflation
Natural inflation [71] is characterized by the potential
V (φ) = V0 [1 + cos(φ/f)] , (5.18)
where V0 and f are positive constants. In particular, f is the energy scale at which the global
symmetry associated with this model is broken.
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Figure 1. Two-dimensional observational con-
straints on the RS braneworld (q = 2) in the
(ns, r) plane. Each panel corresponds to mono-
mial inflation (top), natural inflation (middle),
and small-varying inflaton models (bottom).
The consistency relation r = −8nt is assumed.
The two contours show the 68% (inside) and
95% (outside) CL boundaries, respectively. The
solid and dashed curves correspond to the the-
oretical predictions for N = 60 and 50, respec-
tively.
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ural inflation (middle), and small-varying infla-
ton models (bottom). The consistency relation
r = −16nt is assumed. The meanings of obser-
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same as shown in Fig. 1.
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5.2.1 RS braneworld
In the RS braneworld, the slow-roll parameter ǫφ is given by
ǫφ =
1
3ARS
1− x
(1 + x)2
, (5.19)
where ARS = β
2
2V0f
2 and x := cos(φ/f). Since we focus on the regime 0 < φ < πf , the
variable x is in the range −1 < x < 1. The coefficient β22 in Eq. (2.8) is related to the
brane tension λ and the 4-dimensional Planck mass mPl, as β
2
2 = 4π/(3m
2
Plλ) [34]. Then,
the parameter ARS can be expressed as
ARS =
4π
3
V0
λ
(
f
mPl
)2
. (5.20)
We are considering the high-energy regime in which the ρ2/λ term dominates over ρ,
i.e., V0/λ ≫ 1. In order to realize a sufficient amount of inflation, we require that ARS >
O(1) (unless φ be initially extremely close to 0). In GR, the symmetry-breaking scale f is
constrained to be f > 0.9mPl from the Planck data [10]. In the RS braneworld, it is possible
to realize inflation even when f is smaller than mPl.
The end of inflation corresponds to xf = −1 + (
√
24ARS + 1 − 1)/(6ARS), where xf =
cos(φf/f). The number of e-foldings is given by
N = 6ARS ln
1− xf
1− x + 3ARS(xf − x) . (5.21)
From Eqs. (5.6) and (5.7), we have
ns = 1− 2
3ARS
3− 2x
(1 + x)2
, (5.22)
r =
8
ARS
1− x
(1 + x)2
. (5.23)
For a given ARS, we can numerically obtain the values of x at N = 50 and 60 by using
Eq. (5.21). Then, the scalar spectral index and the tensor-to-scalar ratio are evaluated from
Eqs. (5.22) and (5.23).
In the limit that ARS ≫ 1, we have xf → −1 and x→ 1+2W [−e−(N+6ARS)/(6ARS)] from
Eq. (5.21), where W (z) is the Lambert W function. Substituting this into Eqs. (5.22)-(5.23)
and taking the limit ARS →∞, it follows that ns → 1− 5/(2N) and r → 12/N (ns = 0.9583
and r = 0.2 for N = 60). These correspond to the values (5.14) and (5.15) with p = 2 and
N ≫ 1, so that the model approaches monomial inflation with the potential V = V0φ2 for
ARS →∞.
For decreasing ARS, the tensor-to-scalar ratio gets smaller. In the regime ARS ≫ 1, the
scalar spectral index gets larger as ARS decreases, but it starts to decrease for ARS . 10.
In Fig. 1, we plot the numerical values of ns and r as a function of ARS in the range 3 ≤
ARS ≤ 104 for N = 50 and 60. From the joint data analysis of Planck+WP+BAO+high-ℓ,
the parameter ARS is constrained to be
3.5 < ARS < 49 (95%CL) for N = 60, (5.24)
5.0 < ARS < 11 (95%CL) for N = 50. (5.25)
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The constraints on ARS become weaker at larger N . For example, 3.1 < ARS < 75 (95%CL)
for N = 80. For small values of N , the model is excluded at 95% CL if N < 48. The upper
and lower bounds on ARS come from the constraints on r and ns, respectively. The bound
(5.24) can be recast as 0.91 <
√
V0/λ (f/mPl) < 3.4, so a symmetry-breaking scale f smaller
than mPl can be allowed for V0/λ ≫ 1. We note that, only when N > 57, there are some
parameter values in which the model is inside the 68%CL observational contour.
5.2.2 GB braneworld
In the GB braneworld, the slow-roll parameter reads
ǫφ =
1
9AGB
1− x
(1 + x)2/3
, (5.26)
where AGB = β
2
2/3f
2V
−1/3
0 . The number of e-foldings is given by
N = 3AGB
∫ x
xf
dx˜
(1 + x˜)2/3
1− x˜2 , (5.27)
where xf = cos(φf/f) is known by the condition ǫφ(xf) = 1. Equation (5.27) can be analyti-
cally integrated, but we do not write its explicit expression because of its complexity.
The scalar spectral index and the tensor-to-scalar ratio are
ns = 1− 2
3AGB
1
(1 + x)2/3
, (5.28)
r =
16
9AGB
1− x
(1 + x)2/3
. (5.29)
For a given AGB, the values of x corresponding to N = 50 and 60 are known from Eq. (5.27),
so that ns and r are evaluated from Eqs. (5.28) and (5.29).
In Fig. 2, we plot the theoretical values of ns and r in the range 7 ≤ AGB ≤ 104. When
AGB = 7 and N = 60, we have that ns = 0.9377 and r = 0.0181, in which case the model
is outside the 95%CL boundary. For increasing AGB, both ns and r get larger, so that the
model enters the 95%CL region. In the limit that AGB →∞, ns and r approach the values
(5.16) and (5.17) with p = 2. In this limit, the model is again outside the 95%CL contour.
Then, the parameter AGB is constrained to be
8.7 < AGB < 38 (95%CL) for N = 60, (5.30)
10 < AGB < 55 (95%CL) for N = 50. (5.31)
For larger N , the constraints on AGB become stronger. For example, we obtain 8.1 < AGB <
22 (95%CL) for N = 80. With small values of N , the model is excluded at 95%CL if N < 42.
If N > 53, then there is some non-trivial parameter space in which the model is inside the
68%CL boundary.
5.3 Small varying inflaton models
In GR there are some inflationary models in which the variation of the field from the epoch at
which the perturbations relevant to the CMB crossed the Hubble radius to the end of inflation
is smaller than the order of the Planck mass mPl. We call such models small-varying inflaton
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models. We call that the situation of this small variation can be subject to change in the RS
and GB braneworld scenarios. For concreteness, we consider the following potential:
V (φ) = V0(1− e−αφ/mPl)2 , (5.32)
where V0 and α are positive constants. In the Starobinsky model, where the Lagrangian
is given by f(R) = R + R2/(6M2) [72], the potential in the Einstein frame corresponds to
(5.32) with V0 = 3M
2m2Pl/(32π) and α = 4
√
π/3 [73]. In the following, when we mention
the Starobinsky model, it means the potential V (φ) = V0(1− e−4
√
pi/3φ/mPl)2 in the Einstein
frame.
5.3.1 RS braneworld
In the RS case, the slow-roll parameter is given by
ǫφ =
4
3BRS
y2
(1− y)4 , (5.33)
where BRS = β
2
2V0m
2
Pl/α
2 and y = e−αφ/mPl . The parameter BRS can be expressed in terms
of the brane tension λ, as
BRS =
4π
3
V0
λ
1
α2
. (5.34)
In the Starobinsky model, it follows that BRS = V0/(4λ)≫ 1. In general, inflation can occur
even for BRS = O(1) in the regime y ≪ 1.
The field value yf = e
−αφf/mPl at the end of inflation is known by numerically solving
ǫφ(yf) = 1 for a given BRS. The number of e-foldings is
N =
3
4
BRS
[
(yf − y)
(
6− yf − y + 2
yyf
)
+ 6 ln
y
yf
]
, (5.35)
by which the value of y can be found at N = 50 and 60. The scalar spectral index and the
tensor-to-scalar ratio are
ns = 1− 4
3BRS
y(4y + 1)
(1− y)4 , (5.36)
r =
32
BRS
y2
(1− y)4 . (5.37)
For increasing BRS, the tensor-to-scalar ratio gets larger, whereas ns does not change sig-
nificantly. When N = 60, for example, we obtain ns = 0.9692, r = 0.0136 for BRS = 1,
ns = 0.9696, r = 0.0536 for BRS = 10, and ns = 0.9668, r = 0.1071 for BRS = 100.
In the limit BRS → ∞, ns and r approach the values of monomial inflation with the
potential V (φ) = V0φ
2 (see Fig. 1). This is due to the fact that, for larger BRS, inflation can
be realized in the regime around the potential minimum at φ = 0. This situation is analogous
to what happens in natural inflation in the limit ARS →∞. From the joint data analysis of
Planck+WP+BAO+high-ℓ the parameter BRS is constrained to be
BRS < 1650 (95%CL) for N = 60, (5.38)
BRS < 170 (95%CL) for N = 50. (5.39)
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For large values of N , the model is excluded at 95% CL if N > 76. For small N , we obtain
BRS < 16 (95%CL) when N = 40. The upper bound (5.38) puts a constraint on the ratio
V0/λ. In the Starobinsky model, for example, it follows that V0/λ < 6.6× 103. Experiments
have verified GR down to scales . 1mm, corresponding to λ & 1012GeV4. Therefore,
V0 < 7× 1015GeV4.
5.3.2 GB braneworld
In the GB case, the slow-roll parameter for the potential (5.32) is
ǫφ =
4
9BGB
y2
(1− y)4/3 , (5.40)
where BGB = β
2
2/3m
2
Pl/(α
2V
1/3
0 ). The number of e-foldings is given by
N =
3BGB
2
∫ yf
y
dy˜
(1− y˜)1/3
y˜2
, (5.41)
where yf = e
−αφf/mPl is determined by the condition ǫφ(yf) = 1. The observables are
ns = 1− 4
3BGB
y
(1− y)4/3 , (5.42)
r =
64
9BGB
y2
(1− y)4/3 . (5.43)
When BGB = 1 and N = 60, we have ns = 0.9678 and r = 0.0040, so the model is well
inside the 68%CL region. For larger BGB, the tensor-to-scalar ratio gets larger, whereas
ns increases a bit (see Fig. 2). In the limit BGB → ∞, the observables (5.42) and (5.43)
approach those given in Eq. (5.16) and (5.17) with p = 2, in which case the model is outside
the 95%CL boundary. Then, the parameter BGB is constrained to be
BGB < 67 (95%CL) for N = 60, (5.44)
BGB < 580 (95%CL) for N = 50. (5.45)
For large values of N , the model is excluded at 95% CL if N > 80. For small N , we get
BGB < 160 (95%CL) for N = 40.
6 Observational constraints on non-commutative inflation
We proceed to observational constraints on non-commutative inflation (σ = 2 and 6) for
q = 1. We can employ the same slow-roll equations of motion as (5.1) and (5.2), so that the
slow-roll parameters are given by (5.3) and (5.4). The scalar power spectrum is
Ps = 9β
6
1V
3
25π2V 2,φ
Σ2 , (6.1)
where β21 = 8π/(3m
2
Pl). The scalar spectral index and the tensor-to-scalar ratio are
ns = 1− 1
3β21V
(
6− σ
2
V 2,φ
V
− 2V,φφ
)
, (6.2)
r =
8
3β21
V 2,φ
V 2
. (6.3)
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The number of e-foldings is given by N = 3β21
∫ φ
φf
dφ˜ V/V,φ˜.
When σ = 6, we have ns = 1 + 2V,φφ/(3β
2
1V ), so that the spectrum is blue-tilted
(ns > 1) for potentials with positive curvature (V,φφ > 0). This is the case of monomial
inflation. For natural inflation and small-varying inflaton models, there exist some field
ranges with negative curvature. In the following, we study the same three inflaton potentials
discussed in Sec. 5.
6.1 Monomial inflation
For the potential (5.10), the field value at the end of inflation is given by φf = p/(
√
6β1).
Since φ is related to N via β21φ
2 = 2p(N + p/4)/3, the observables (6.2) and (6.3) are
ns = 1 +
p(σ − 2)− 4
4N + p
, (6.4)
r =
16p
4N + p
, (6.5)
where r is the same as in standard GR.
If σ = 6, then ns = 1 + 4(p − 1)/(4N + p), so that the spectrum is blue-tiled for p > 1.
When N = 60, we have ns = 1.0165, r = 0.1322 for p = 2 and ns = 1.0492, r = 0.2623 for
p = 4. If σ = 2, then ns = 1− 4/(4N + p) < 1.
In Figs. 3 and 4, we plot the theoretical values of ns and r for p = 1, 2, 4 and σ = 2, 6
with two different values of N . Non-commutative monomial inflation with σ = 6 is outside
the 95%CL region because of the blue-tilted spectrum. Interestingly, even the potentials
with σ = 2 are outside the 95%CL boundary. This comes from the fact that, independent
of the power p, the scalar spectral index is ns ≈ 1− 1/N > 0.98 for N > 50. The theoretical
lines shown in Figs. 3 and 4 for p > 0 are actually outside the 99%CL boundary both for
σ = 6 and 2. For smaller N the lines get closer to the allowed region. However, they are
outside the 95%CL boundary even for N = 40 in both cases σ = 6 and 2.
6.2 Natural inflation
In natural inflation described by the potential (5.18), the field value at the end of inflation is
given by xf = cos(φf/f) = (1− 6A)/(1 + 6A), where A = f2β21 = (8π/3)(f/mPl)2. The field
is related to the number of e-foldings, as
x = 1− 12A
1 + 6A
e−N/(3A) . (6.6)
From Eqs. (6.4) and (6.5), it follows that
ns = 1− 1
6A
(σ − 2)x+ 6− σ
1 + x
, (6.7)
r =
8
3A
1− x
1 + x
. (6.8)
Substituting Eq. (6.6) into Eqs. (6.7)-(6.8) and taking the limit A → ∞, we obtain
ns → 1+(σ−4)/(2N +1) and r → 16/(2N +1). These are equivalent to the values (6.4) and
(6.5) with p = 2. Then, in the limit A ≫ 1, non-commutative natural inflation with σ = 2
and 6 is in tension with observations because of the large scalar spectral index.
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Figure 3. Two-dimensional observational
constraints on non-commutative inflation with
σ = 6 in the (ns, r) plane. Each panel corre-
sponds to monomial inflation (top), natural in-
flation (middle), and small-varying inflaton mod-
els (bottom). The consistency relation r = 4nt is
assumed. The two contours show the 68% and
95% CL boundaries. The solid and dashes curves
represent the theoretical predictions of ns and r
for N = 60 and 50, respectively.
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straints on non-commutative inflation with σ = 2
in the (ns, r) plane for monomial inflation (top),
natural inflation (middle), and small-varying in-
flaton models (bottom). The meanings of obser-
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same as shown in Fig. 3.
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For decreasing A, both ns and r get smaller. When σ = 6 and N = 60, for example,
we have ns = 0.9856 and r = 0.0627 for A = 15, ns = 0.9345 and r = 0.0096 for A = 5.
As we see in Figs. 3 and 4, there are some intermediate values of A which are inside the
68%CL observational contour. From the joint data analysis of Planck+WP+BAO+high-ℓ,
the parameter A is constrained to be
5.9 < A < 11 (95%CL) for N = 60 and σ = 6 , (6.9)
5.8 < A < 9.9 (95%CL) for N = 50 and σ = 6 , (6.10)
and
6.5 < A < 20 (95%CL) for N = 60 and σ = 2 , (6.11)
7.0 < A < 23 (95%CL) for N = 50 and σ = 2 . (6.12)
When N = 80, the constraints are 6.1 < A < 12 (95%CL) for σ = 6 and 6.2 < A <
17 (95%CL) for σ = 2. When N = 40, we get 5.7 < A < 8.9 (95%CL) for σ = 6 and
8.5 < A < 25 (95%CL) for σ = 2. The bounds (6.9) and (6.11) translate to 0.84 < f/mPl <
1.15 and 0.88 < f/mPl < 1.55, respectively, whose parameter ranges are quite restrictive.
Moreover, the symmetry-breaking scale f cannot be much smaller than mPl as in the case of
GR.
6.3 Small varying inflaton models
Finally, we study observational constraints on the potential (5.32). The end of inflation is
characterized by yf = (3B −
√
6B)/(3B − 2), where yf = e−αφf/mPl and B = β21m2Pl/α2 =
8π/(3α2). The Starobinsky model in the Einstein frame corresponds to α = 4
√
π/3, i.e.,
B = 1/2. The number of e-foldings is
N =
3B
2
(
1
y
− 1
yf
+ ln
y
yf
)
, (6.13)
whereas ns and r are
ns = 1− 2
3B
y(2y − σy + 2)
(1− y)2 , (6.14)
r =
32
3B
y2
(1− y)2 . (6.15)
Expressing y in terms of N from Eq. (6.13), substituting it into Eqs. (6.14) and (6.15),
and taking the limit B → ∞, we obtain the values (6.4) and (6.5) with p = 2. Therefore,
this limit corresponds to the case of the quadratic potential, which lies outside the 95%CL
boundary for both σ = 2 and 6. As can be seen in Figs. 3 and 4, the models enter the
observationally allowed region for smaller B. If σ = 6 and N = 60, then ns = 0.9934 and
r = 0.0620 for B = 50, ns = 0.9814 and r = 0.0299 for B = 10, and ns = 0.9689 and
r = 0.0030 for B = 1/2. The parameter B is constrained to be
B < 3.5 (95%CL) for N = 60 and σ = 6 , (6.16)
B < 5.9 (95%CL) for N = 50 and σ = 6 , (6.17)
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and
B < 14 (95%CL) for N = 60 and σ = 2 , (6.18)
B < 45 (95%CL) for N = 50 and σ = 2 . (6.19)
The model is excluded if N > 80 both for σ = 6 and σ = 2. When N = 40, we get
B < 8.1 (95%CL) for σ = 6 and B < 130 (95%CL) for σ = 2.
The Starobinsky model in the Einstein frame (B = 1/2) is inside the 68%CL contour
both for σ = 2 and 6. The bounds (6.16) and (6.18) translate to α > 1.55 and α > 0.77,
respectively. The models with α smaller than the order of 1 are disfavored because the cosmic
acceleration relevant to CMB anisotropies occurs around the potential minimum.
7 Conclusions
We studied observational constraints on braneworld and non-commutative inflation in the
light of the recent Planck data. The consistency relations between the tensor-to-scalar ratio r
and the tensor spectral index nt are different depending on the scenario (RS braneworld, GB
braneworld and two versions of non-commutative inflation). We ran the CosmoMC code for
four different consistency relations and found that the likelihood results are similar to those
obtained in GR (r = −8nt). We also confirmed that, under the slow-roll approximation, the
scalar and tensor runnings can be set to 0 in the likelihood analysis.
For each class of braneworld and non-commutative inflation, we placed experimental
constraints on a number of representative inflaton potentials such as (i) monomial inflation:
V (φ) = V0φ
p, (ii) natural inflation: V (φ) = V0[1 + cos(φ/f)], and (iii) small-varying inflaton
models: V (φ) = V0(1− e−αφ/mPl)2.
In the RS braneworld, the monomial potential V (φ) = V0φ
p is outside the 95%CL
boundary for p ≥ 2. The linear potential is marginally inside the 95%CL border for N = 60.
The parameter ARS = (4π/3)(V0/λ)(f/mPl)
2 in natural inflation is constrained to be 3.5 <
ARS < 49 (95%CL) for N = 60, so that a symmetry-breaking scale f smaller than mPl can
be allowed for V0/λ≫ 1. We note, however, that the allowed parameter space is quite narrow
for N = 50, i.e., 5.0 < ARS < 11 (95%CL). In small-varying inflaton models, the observables
are quantified by the parameter BRS = (4π/3)(V0/λ)(1/α
2). Since ns and r approach the
values of the quadratic potential V (φ) = V0φ
2 in the limit BRS → ∞, the parameter BRS
is constrained to be BRS < 1650 (95%CL). In the Starobinsky model (α = 4
√
π/3), this
translates into the condition V0/λ < 6.6 × 103.
In the GB braneworld, the monomial potential V (φ) = V0φ
p with p > 0 lies outside
the 95%CL region for N ≥ 50. In natural inflation, the parameter AGB = β22/3f2V
−1/3
0 is
constrained to be 8.7 < AGB < 38 (95%CL) for N = 60, whereas in small-varying inflaton
models the bound on the parameter BGB = β
2
2/3m
2
Pl/(α
2V
1/3
0 ) is found to be BGB < 67
(95%CL) for N = 60.
In non-commutative inflation with σ = 6 and 2, the monomial potential V (φ) = V0φ
p
(p > 0) is outside the 99%CL boundary because the scalar spectral index gets larger than
in GR. In natural inflation, the parameter A = (8π/3)(f/mPl)
2 is constrained to be 5.9 <
A < 11 (95%CL) for σ = 6, N = 60 and 6.5 < A < 20 (95%CL) for σ = 2, N = 60. Hence
the symmetry-breaking scale f is of the order of mPl as in the case of GR. In small-varying
inflaton models, the bound on the parameter B = 8π/(3α2) is given by B < 3.5 (95%CL)
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for σ = 6, N = 60 and B < 14 (95%CL) for σ = 2, N = 60, so that the Starobinsky model
in the Einstein frame (B = 1/2) is consistent with the data.
All these results have been also extended to values of N smaller and larger than 50
and 60, depending on the details of the reheating stage. The corresponding bounds on the
parameters of the inflationary potential (quoted in the text) are numerically different than
those for N = 50, 60, but not enough to issue a qualitatively different physics.
Overall, braneworld and non-commutative models are not particularly favored over stan-
dard inflationary scenarios by CMB experiments. The viable parameter space in those models
is not large enough to give any significant advantage with respect to their GR counterpart.
We note that there are some models which give rise to ns smaller than 0.94 —such as the
minimal super-symmetric model [74], renormalizable-inflection-point inflation [75], tip infla-
tion [76], and so on. There may be some possibilities that models with small ns were rescued
by braneworld and non-commutative effects due to the increase of ns. We leave the analysis
of such specific inflaton potentials for future work, possibly after the 2-year data release of
Planck.
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